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By Paul Kuhn
SUMMARY

The definitions of flexural center, torsional center,
elastic center, and slastic axls are discussed. The cal-~
culation of elastic centers is dealt with in principle and
a suggestion 1s masde for the design of shear webs.

INTRCDUCTION

The use of the elastlic axls as a convenlient means of
aiding in the stress analysis of airplane wings 1s becom-
ing increasingly general. Although the term "elastic
axish" ig frequently used, perusal of stress analyses shows
that there is little agrceoment on its exact definition.
This lack of agreement cnteils different methods of compu-
tation, different methods of experimental verification,
and sometimes differences of opinion concerning the re-
sults. In order to clarify the terminology, the terms in-
volved are discussed in the present paper. Some sugges-
tions on design methods are made incldentally.

FLEXURAL CENTER - TORSIONAL CENTER -~ ELASTIC CENTER

"For the sake of simplicity, the case of a cantilever
beam of constant section loaded by a single concentrated
transverse load or by a couple at some section along the
axis will first be considered. The case of a straight
cantilever beam with constant section and loasded at tho
tip is the only one that has as yet roceived theoretical
treatment.

The flexural center of a section is defined as that
point of the section through which a concentrated bending
load must act in order to produce only bending deflection,
no twist at the section (fig. 1).
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If 2 torsional load (a couple) is applied at the same
soction, the section willl rotate about somc point of the
gsoction, This point is callced the "torsional center!
(conter of shear, conter of twist, fig. 2). '

For a prismatic bar so losded that the assumptions
of the ordinary theorlies of bending and torsion hold, the
flexural and torsional centers colncide, whlch can easily
be proved by congidering the elastic energies of bending
and of torsion or by equivalent considerations (reference
1). Actually, these assumptions are always violated at
the support as well as at .the lpad. As a result, tho two
centors do not exactly coincide even in prismatic bars,
This fact, obvious from an examinatlon of -tho assumptions
involved, has been experimentally verified. The distance
between the two centers depends in practlcal cases chlefly
on the relation betweon the length of the bar (from sup-
port to load) and the dimensions of the cross section.

If the distance between the flexural center and the
torsional center 1s sufficiently small to be noglected for
practical purposes, the average location of the two con-
tors will hercinafter bo called tho "elastic center! of
thoe seoction, The elastic center 1s, in practice, calcu-
lated as the flexural centor, as will be shown later in
moro detail,

In built-up thin-walled structures, somc parts bucklo
far bolow the design loads and no longer carry their full
share of the load, This conditlion 1s taken care of in the
design by mysuming an "effective section,' in which every
rart carries the full share of the load dictated by the
laws of the ordinary theory of bending or of torsion, as
the case may be, - There ia no relation, however, between
the effectivo sections for bending and torsion; both
change with the magnltude of the load, and conseguently
the relation between the flexural center and. the torsional
center changes with the loading condition., It is evident,
then, that in a thin-walled structuroc subjoctod to largo
loads,- the assumptlon of an clastlc conter may give only a
very rough picture of the true conditions,

THE BLASTIC AXIS

The elastlc axis of an airplane wing 1ls defined as
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the spanwise line along which loads must be applied in
order to produce only bending, no torsion of the wing at
any station along the span (definition.1). We shall now
investigate under what conditions an elastic aff—'may be
said to exist. In order to simplify the argument as much
as possible, the simple 2-spar wing structure shown in
figure 3 will be used as a basis for the discussion. This
restriction to a simple type of structure will not invali-
date the generality of the conclusion because it will be
shown that an elastic axis in the commonly used senso of
the word does not exist in the general case. T

‘Let us consider first the load case shown in figure 3,
a single concontrated load located at a given distance
from the root. Qbviously, it will Yo possible to find a
chordwise location for this load such that the deflections
of -the two spars arc ogual at the load statlon,'ffé.} such
that the:wing has no twist at the load staticon. Tt fs
equally obvious, however, that thore will be a twist at
all other stations along the span. “Bonsequently, in the.
general case of a wing with variable cross secfion, defi-~
pitign.l of the elastic axis is inapplicable to the casa
where 9 ly a _single concentrated 1oad agts.

Let us consider next the case of a bending load dié—
tributed uniformly along - -the span. A uniformly distribut-

ed load acting on the front spar will produce a deflection_

curve that can be calculated. Tho condition of no twist
in the wing at any 'station can now be fulfilled by dlstrib-
uting the load on the rear spar in such a manner that the

rear spar has the same deflection curve as the front spar.’
The distridbution curve for the load on the rear spar can
be calcplated from the stiffness properties of tho spar;
the relation between the load per unit span length on the

front and on the roar spars at any station along the span""

defines the elastic axis of the wing. For any glven cog

tinuvously distributed bending load., an elasgtic axig can_be
foungd.

Now let us replace the uniformly distributed load on
the front spar by a different one, say, for example, a
load with triangular distribution, 4Again it will be pos-
sible to calculate the deflection curve of the front spar
and to calculate a load distridbution for the rear spar
such that the rear spar has the same deflection curve,
The condition of equal defloction curves, howcver, alroady
compleotely determines the loading curve on ‘the rear §$§FT°
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it is impossible to fulfill at the same time the condition
that the relation betwosen front and rear loadlng curves
shall be the same at any station, i.e., the resulting clas-
tic axis for the triangular loading will differ from that
for uniform loading. The position of the elastic axis va-
rileg if the loading distribution changes.

- In the case of the idealized 2-spar wing considered.
thus far, torsion of the wing 1s due to differences in.the
deflection curves of the spars, In a practicable 2-sgpar
wing, the spars would be forced by the ribs to twist, but
the torsicnal stresses arising would be of small impor-
tance if the spars had small torsional stiffnesses indi-
vidually (e.g., I-beams). The importance of the torsional
gstresses increases as these torsional stiffnesses increase
(individual box spars), and the torsional stresses become
very important in the case of shell wings, In wings of
the shell type a serious difficulty may arise, If the
tgtructural axish of the wing 1s curved, it is impossidle
to separate -bending stregses from torsional ‘stresses; the
terms "bending!" and "torsion" lose their identity, Wings
with & curved structural (elastic) axis are not amonable
to;galculation on_the basis of the ord1narz theories of
bending and torsion. No attempt will therefore be made to
define the astruetural axis in the general case because
such a definition would serve no useful purpose.

Finally, attention should also be called to the fact
that the ordinary formulas for bending and ftorsional
stresses iIn any beam do not hold near points of disconti-
nuity in loading (concentrated loads) or in cross section
(cut-outs, root-section). The errors due to the use of
the ordinary theories, however, -become negligible at some
distance away from the polnt of-digcontinuity if this disg-
. bance is of the same order of magnitude as the cross-~-sec-
tional dimensions of the beam.

Definition 1 of the elastlc axis has probably never
been uzed to determine the elastic axis of a wing by cal-
culation or by experiment because it involves too much
labor. The following definition has been generally sub-
stituted: Theo olastic axis of a wing is the locus of the
elastic centers (definition 2),

In view of the conclusion previously reached that
definition 1 i1s not applicable to the case where a single
concentrated load actu, the gubstitution of definitiony 2
for definition 1 is not Jjustifiable in the aAeperal case.
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It is strictly correct only in the case of a wing with
constant section. In practical cases-its use is often
permissible, however, if the locus of the centers 1s at
least approzrimately straieht. : T

To summarize the findings," iﬁ may be said ?Hé% the -

use of the elastic- aris method of "stréess analysis ¢ be

expected to give reasonably close results only 1f the

following conditions are met: '

1. The load distribution .must be sensibly the same
for the variouS'load cases investigated.

2. The elastic axis must be without 1arge disconti-
nuities and must be sensibly streight (and at
right angles to ths root section for 1nvesti—
gating the region near the root }

3. Attention must be pald to poss1ble shifting of
the elastic aXis owing to partial duckling at
high stresses.

The foregoing remarks are not intended to discour-
age entirely the use of the elastic-axis method, They'
are intended, however, to emphasize that this method is
inherently very approximative and must therefore be used
with caution and ‘Judgment, h -

CALCULATION OF TEE ELASTIC CENTER

As stated before, the problem of calculating the

elastic axig of a wing is reduced, for practical purvoses,

to the problem of calculating the elastic center of any
section of the wing.

In a wing with two or more independent spars (flg.éL
a load at any arbltrary point causes mainly bending T
stresses and bending deflections in the ébars. It is ob-
vious that 4in this case the elastic center is loca¥ed at
the centroid of the bending stiffnesses of the spars, or
at the centroid of the moments of inertia 1f all spars
are of the same material and shear deflections are negli-
gible. If the shear deflections are not negligivle, cor-
responding corrections must be made.

This simple method of calculating the elastic center

- RS
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of a spar-type wing has frequently been applied to shell-
type wings by dividing the profile into strips (fig. 5)
and sssuming that the material in each strip acts as an
independent spar, This method is fundamentally incorrect.
The material at the top and at the bottom in any one strip
cannot possidly act asg an’ independent beam unless there is
a connecting shear wedb, a web being an indispensable part
of a beam, If there is no shear wed in a strip, the shear
stress must detour sideways until it does meet a shear
web; the total resultamnt of these shear stregses must co~-
incide with the external shear force acting on the .section
if there is %o be no torsion. The elastlic center is
therefore determined as the centrold of the shear forces,
not of the moments of inertia of the flange material. The
detoured components of the shear forces exert a twisting
couple, which must be counteracted by offesetting the ex-
ternal load from the point that would have boen the elag=-
tiec center if the nroper shear webs had been provided for
each strip. _ " .

For simple shapes with "statically determinate” dis-
tribution of the normal stresses (fig. 6), the elastic
center cean be quite easily calculated., The load is re-—
solved into & component P in the beam direction 4, - Aj
(shown on the figure) and a component in the chord direc-
tion A; -~ A, (not shown). For the beam componont P,
the flange A; 1lies on the neutral axis and can be dis-
regarded, The shear due to P 1is distribuited over the
nose N and the web W; the portion carried by each 1is
doetermined by the condition that the shoar strain of the
nose part N Dbetween A; and A; must be equal to tho
shear strain of the web W Dbetween the same two points
(reference 2), or .

(assuming nose and web to be of the sams material). Two
elementary integrations show that the resultant shear
force on the nose 1is (fig., 7)

V=1 h t
SN - N

and is located at the distance
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- 24
e = h -

from the plane of the web.

In these equatlons £ is the shear stress; s, the per-
imeter as shown in figure 6; h, the height of the nose
part (fig., 7); t, the wall thickness; and A, the area
included by the profile. The subscripts N and ¥ refer
to the nose and web parts, respectively.

Locating the resultant of the shear forces in nose
and web then gives one line on which tho elastic center
lies; repetition of the process for the chord component
gives a second line; the elastic center is thus determined,

For more complicated arrangements of the flange mate-
rial, the calculation becomes more involved and more dounbt-
ful because the distribution of the normal stresses in
such built-up sections is not very ‘well established., An
idea of the DOSSlble errors my be obtained from the fact
that a number of careful tests and calculations (reference
3) on comparatively simple shapes similar to figure 6 gave
discrepancies in the location of the elastic axis of about
15 percent of the box chord or about 5 percent of the wing
chord. These calculations were made more carefully than
usual and for some of them the shearing stiffnesses of the
webs were first experimentally determined; it therefore
seems safe to conclude that routine calculations of elas-
tic centers for wings as shown in figure 5 cannot at pres-
ent be expected to give the location of the elastic center
with a possible error much less than 10 percent of the
wing chord unless careful corrections based on .tests of
very similar wings are made.

The fundamental factor determining the distribution
of the shearing stresses and consequently the location of
the elastic center ig the shear strain of the componént
parts, which in turn depends on the shearing stiffness of
these parts. For a plate without lightening holes and
heavy enough to withstand buckling, or for truss- typg
webs, the shearing stiffness 1s independent of the load,
i,e., the strain is proportional to the load applied un-
til the proportional limit of 'the material is reached,
For wecbs with round or oval 1ighteninghholes and for webs
that buckle into diagonal-tension flelds, thers is no pro-
pcrtionality between stralan and load; it would seem vory
desirable to take this fact into account by using the
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shearing stiffnesses actually prevailing at the design
loadse. The best way to obtain the load-deformation curvo
of a proposed type of web is to build up and test a box as
sketched in figure 8. The walls of the box should consist
of l1dentical specimens of the web and the length should be
sufficient to give an easily measured twist. The effects
of restrictions due to the load arms should be reduced by
making. the distance beotween the pointers and the load arms
sufficiently large (about twice the depth of the box).

It might be remarked here that tests on wings with
two or more shear webs have gshown that the trailing-edge
portion aft of the rear shear web is practically ineffec~
tive in bending as well as in torsion and that 1t should
-be neglected in the analysis. The nose portion also loses
much of its efficiency at high loads dbut not enocugh to
Justify neglecting it,

When the load-deformation diagram is curved, the term
"stiffnoss" needs to be defined., Inasmuch as the state of
stress congidered is assumed to be reached by increasing
the load continuously from a low value to the design load,
it seems reasonable to use the average stiffness between
zero load and design load and to define it as the constant
stiffness that the member should have in order to stors
the same amount of strain energy as the actual member when
loaded to the design load., There are objections to this
procedure, but it tends to create a design having uniform
stiffness properties in addition to uniform strength
throughout the structure. It is conceivable, of courss,
that such uniformity may not be desirable in certain ox~
ceptlonal cases,

DESIGN OF SHEAR WEBS

One of the most vexing problems of shell-wing design
is the guestion of proportioning the shear webs. Several
methods of ‘design and analysis are now in use but none is
gstrictly rational. Pending a more thorough investigation
of the problem by theory and experiment, the following
suggestions may be made. )

Shell wings are now and probably for some time to
come will be analyzed under the assumption that they obey
the laws of the ordinary theory of bending; i .e,, that the
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normal stress 1s proportional to the distance from ths
neutral axis. The distribution of the flange material ab-
sorbing the bending stresses is fixed by the designer, who
is guided by manufacturing or structural considerations,

In order to insure maximum strucfural efficiency, the

shear webs should now be designed so that the section

obeys as closely as possible the assumed laws of bernding.
This end is achlieved by making the effective shear stiff-
ness of each web proportional to the bending stiffness of
the flange material belonging to the web.

The exact amount of flange material to be assigned %o
each web is somewhat uncertain. Stripggers located some
distance away from shear webs are less efficient than
those located close to shear webs, owing to the ghear de-
formation of the skin. For the present purpose, however,
it is probably sufficiently accurate to draw the division
lines halfway between the shear webs, unless the gkin
thickness changes between webs or thedspths of adjacent

wobs are very different.

The shearing stiffness of the web may be experimen~
tally determined, if necessary, as discussed under Calcu-’
lation of the Elastic Center. If webs of different char-
acteristics are employecd in one wing (e.g., solid webs and
lightened webs), it may, of course, be necessary to modify
the design obtained from considerations of stiffness be-
cause one type of wed may show permanent set or 1oca1 faiL—
ures. - -

Langley Memorial Aeronautical Laboratory,
National Advisory Commlittee for Aeronautics,
* Langley Field, Va., Fedbruary 26, 1936,
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